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Min}mum—- Cost Network F/ow

In addition to a CaFacHy, each edjc Aas a
real- valued cost per unit of flow.

A minimum- cost maximum) flew is a4 maximum £ low
whose total cost (sam of “{7‘ flows #imes ga{ye o5ts)

/IS minimum.

Pro blem: /},,o( a minimum- cast f/ow I a jiven network

# partices

= # edges
ma x CaPac;-L (rf intﬂjerd)
= max cost(if in'tejer-.s)

s 3 S
n




Two  Naive A/oloreac/ms

(i) Rc/oea't-‘ aujment a/onj Q cAeafest loaf./; /n
the residuwal network.

Each aujmenta‘tl’on takes a shortest /Oat/‘
aom/outation.

Shortest /oaf‘.f can be found aSir:] 20{;{743
a{,a:-itlun 1'7[ Costs arc Acf't non~ hvafl'vg
u::"nj )on'ce trans formation &rimal—- Aual
method of linear /orvramminj).

Time-' D[I\ U(m-*n/ojn)) é\c't ,ou(/mmia/)

(2) In netunorkof zero-cost residual edpes
h'f eat find a maximum Fbw.
Av‘\] ment He ﬂnw and a,opb.te. Ae. Pn'c.eg.

{‘Rv\')“ all Pff’-l\e aa( v ‘9“"/%1 ot at @t‘\fﬁ.\

Time: O (n C (h m /cj és"/m))) &rﬁ /oaf/r.emia/)




G = (V, E) :’}/mme‘f.rfc Airected jraf/:
(vw) €€ /'//(wlv') €€
/V/s’ h, /E/: m m2132 2 E’(v):‘ [w](vl‘w)ffj
arc Capacrties u(V,w): (vw) €€

arc costs clvw):(vw) €E

cost fanction is aht;:ymMctr/cf clyw)= -c(wv)

Circulation ¥: £ R
'/’(‘C w) £y ;/V,'”) ’Z‘C w)€E capaci't/ constraints
f(v‘)w) = - f(w; !/> V(vl w) €L -f/ow an‘f; 5mee'ﬁ,-y

& flow)=0 YveV flow conservation
N€E[y)

fasf D-f f EL : [(VJW)C(V‘JM/’)

(V) eE




/Vw'lu < /4//3 roa, %

[ 1) /G&WM/N@\7 ,.,/E/Qy A _chogolrt s Perh in #le
72r o] - ‘ |

£ 4/ /L/&M:n 1083 fble-f 7 Yfgi,.‘f‘.fﬁf ? /m _CaM/aA//MI/ ol
Sasrieqr ,/r’ tn b %M,«{ /""‘d \Z)dt{;/fx} ﬂ///ﬁf‘/ o
i'é"’,,. Lt are 4;"1 mn-—n?wﬂ’ f/az— A7 i-:‘/? ,orﬁ"f S

FArHorm Lot ( /Or/ma// - hnad  eBlosl A). .

O/h U (m/ ’V\ f\)) e /C’O&ni)""/‘a,/)

[.) r@.,%i{éw; j ORI S /' zero- cosz 24, ]“’f /A/,y M %W

Aym@\,?ﬂ\d 7o A ,prf- F4e /of‘)gu‘

Tpe. : Q( nC (nm /%7 (//\ 2/”\)) AJ /"/}")M'Q,.v/>




Redormulate d Pro“em: l'—mol a cireulation
of minimum cost: add a return arc
-from s tet D‘f Infinit e cafmcit)/ and

/ao—7e hcya‘t;fﬁ cost (“h C)

residual capacity 4 (v#) = ulyw)-flow) or f(wv)
residua arc /) 4 (4w)> O
resisual Cyc/e-' 2 ()’iM/;/e) Lycl of residual arcs

length of cycle = pumber of arcs, £(T)

cost of Cyc/e= sum of arg costs = ¢ (7)

Q‘f_@ﬂf_‘_’iﬁdﬁ[ C)/c[e.: C/T')/l /—r)

hczwﬁwe C):c/e'- C/\'j £0




Theorem (Busmker and Saat/, 1765): A circulation ¥ is
minimum- cost | ff there is no ncjative residual c}/c/e.-

Aljor;tkm [,K,""” ,19¢7)
0. Find any circulation £ (17 a max {low comPu{Ation)

1. W/\ile 3 nfjatfve Cyc/e 1’; cqnc&/r A/ increaffry 1(0/\ all
arcs of T by min fu (o) (y,w) €T},
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Qur Results

MiniN\uvnvmeam C)'c/e cancell'r'lj-‘ A/wa)/.f cance/ a C)/C/C
of minimum mean cost.

Tlxeorcm! # canccllqt[ons= O\/hm‘l/ojn). If costs are /'nfefdrf
of maximum magnifud@ C #cancellations O[nméj(n C)j

Time 10 #ind 2 minimum mean c/c/e: Oém) [K"P’ 1778)

A variant of this ﬂIDPf’oacA jivef a ‘;oraciica/ l’a{;or/'tﬁm
with a runniy time of O(hm log minf/?jlhc),m/y"f)-




Prfcf- ﬁmcfion ()MAI yarfa‘/ef)
P V=R reduced ar¢ cost CP(V’W)= clow) *p(v) f/o(w)
_T_Ag,’o_l_'_g_m_ (F;fd And F:If&/‘_{anj /?52) A circulation 7[}! minimam-cest
iff dp such that, V(W)€

U (V)w) >Q }mﬁl{&é CP[.,; w)z Q.

£ - ”)/)*_ l'maf}-z.y

4= . . Vo . . ;
Far €20 a cirealation + /3 é’—gpt)ma/ with respf:a?f +0

A price function p I’-/j[) V(v,w) £¢,

"ff[VJW)>0 /m/’/fQS‘ CP(";W};}"&

é’z/;[‘)z mihimum € 20 far wA,'gA /11'_{ £~ O/Jf)'ma/ g,-fi‘{A
f&f,oc&{ to Some P

’ \ ’
Theorem (@e—fifekaf) 1986): I} costs are mffjral and € <,
ﬂny G'Opﬁl'ma/ circnlation 15 minimum = Gost.




Tdea: minimum mean c/vci'e Camc&/in redunces 5([) ,6]
A measurable amount after enoly/s cancellations,

Note: The cost of Qa c)q;/e. Is the Same as |Cs n.'/uce.o( cost.

[_ef_ M{f) Ac U»c mean cost 0‘/ a mfnimuﬂ\ mean
residnal cyc/c wii/, )‘Cf/olci to Circu/aﬁlbn /
TAeorem: é(f) Z hax IOJ M (f)f

Proof: Uce /orof¢r‘£;&f 01[ shortest /Dat/\s‘) 3;7. shortest /Dat‘s’
exist /[fr there are no /)ejative c/vc/e.{.




Ahalyfi; of Minimum Mcan [}zo/c ane./fr:]
lemma: [ancclfy A mihimum mean C/c/c Carrot Increast c’(f),

lemmar After m cancellations, €(f) has decreased by a

factor of /A—.l)/n or setter
Theorem® #canceflations= O (hm 17 /AC)).

Z.cmh\a" If/ fand [I are “tl\ E- Off;ma/ ﬂhp(/cl‘o (w,w)/>zh £,

wA&rc, fise- OP‘L{maI with rar/u_‘f- to p, +hen /(ugw)=-/'/{.gu:)

_72'_‘."!_'_&_."\’ #CAnce/lat;oh;-f O[nml/vh).
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Y [
A Prac.t{ca/ Varianf

Maintain a Prfce. /;M'l:fon P ak,:j with a circulation £
[a// an Aarc (v, w) 8/:" [dle /'[ 1,{[ [v,w)>0 and CP (n/_,u/) 20,

et €(£p)= ~min(fe, ()] 4 (170 f ¥ o)

A{]a;f.Am
0. let { e ary Circalation and Jet p=0.
1. Repeat R s ({;Ip) <Jn:
a. Find an e/:‘;i&/e_ cycle, and cancel it.
b If the mlyr.f/\ of e/:‘];Ue arcs is acyclic,

Moa(f‘[} P te reduce é(f;,o) A/v a /;af-of O/
at [east L/h-i)/h.




Anal ys 1S

There are at most m iterations of da detween
[terationg 01[ 14,

Al iterations of la between twe /ierations of 14 take
a total off O(mlv;\) time ug/:\/ ﬂlynamic trees.

One iteration 01[ 1) fakes O(n\) time.
O(n) iterations of 14 recluce é({p) by a Constant factor.
o O(nmlcyn/‘ojln(,)) total time.

¥ every n'“' deration of 1b rednces e(f’)F) as much
as pesaidle, then the amortized Lime per iteration of 14

is still O(m) /CV&/) /)tA take < O(l\”‘))-

O(nmlﬂc:]n)i) total Zime.




